
Exercises for Lattice Field Theory – Hamiltonian and
Lagrangian Methods (physics7520)

Sose 2026

L. Funcke, S. Singh, A. Bulgarelli and N. Dichter
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1. Z2 Lattice Gauge Theory (10 pts)

In this exercise we will use Monte Carlo simulations to investigate a Z2 LGT in three spacetime
dimension. The action of the theory is

S = −β
∑
x

∑
µ<ν

Px,µν , Px,µν = Ux,µ Ux+µ̂,ν Ux+ν̂,µ Ux,ν , (1)

where the gauge field Ux,µ ∈ {±1}.
In this exercise you are given with a notebook, with some routines already provided, and you
have to fill the incomplete ones and to numerically study the system. Notice that you are not
asked to write the Monte Carlo routine yourself, nor the error analysis, and these are already
implemented.

a) (2 pts.) We are simulating a model in a L3 lattice with periodic boundary conditions.
Define a function init lattice taking as input the linear size of the lattice L and
returns a numpy array containing all the gauge fields initialized to +1, and two numpy
arrays containing the coordinate of the positive and negative neighboring sites in each
direction.

b) (1 pts.) Write a function delta action that computes the difference in the action once
a single link is flipped.

c) (2 pts.) Write two functions avg plaquette and avg link returning respectively the
average value of the plaquette and the average value of the link. Are these quantities
gauge invariant?

d) (2 pts.) Study the average value of the plaquette in the β-range np.linspace(0.1,

1.2, 15). For every value of β, discard the first 200 measurement and average over
500 samples. Plot the average value of the plaquette and the error computed with the
jackknife routine (provided in the notebook) as a function of β.

e) (2 pts.) In LGT there exist a theorem, the Elitzur’s theorem, stating that the vacuum
expectation value of non-gauge invariant observables vanishes. Repeat the same analysis
as in the previous point for the link and explain what you observe.



f) (1 pts.) Plot the Monte Carlo history of the plaquette (an example is provided in the
notebook) for β = 0.3, 0.7 and 1.2. Explain the differences you observe: which dataset
looks more correlated?

See z2 lgt exercise.ipynb for the exercises

2. Problems at finite chemical potential (10 pts)

In this exercise we will see the two biggest challenges faced by Monte Carlo simulations at
finite chemical potential: the sign problem and the overlap problem. Since the overlap problem
originates from re-weighting observables from a different distribution than the one we want
to sample from, we will use the results developed in the previous exercise to investigate it.
Note: The role of chemical potential is played by the coupling β as the overlap problem is
a general issue of Monte Carlo simulations and it is not specific to finite chemical potential.
In fact, the overlap problem can be observed in any situation where one tries to re-weight
observables from a different distribution, and it is not specific to finite chemical potential.

a) (5 pts.) Consider the Z2 LGT studied in the previous exercise. Start by performing
Monte-Carlo simulations as you did above, but now at β ∈ {0.2, 0.3, 0.6}. Write a
function reweight plaquette that takes as input the samples obtained at β = 0.2 and
returns the re-weighted average value of the plaquette at β = 0.3 and β = 0.6. Plot the
results for the average plaquette and compare them with the ones obtained by direct
Monte Carlo simulation that you performed. Explain the differences you observe: do
you get better or worse results as you try to predict the average plaquette at a coupling
β that is further than the one you sampled from? What is the reason for this behaviour?

b) (5 pts.) Consider the 1D oscillatory integral

I(α) =

∫ ∞

−∞
dx e−x2

cos(αx), α ≥ 0, (2)

whose exact value is I(α) =
√
π e−α2/4. We use the sign decomposition e−x2

cos(αx) =
W (x)σ(x), where W (x) = e−x2 | cos(αx)| ≥ 0 and σ(x) = sgn(cos(αx)) = ±1, so that
I(α) = Z+⟨σ⟩W with Z+ =

∫
W dx.

i. Evaluate I(α) numerically using the trapezoidal rule on a uniform grid over [−10, 10]
for α ∈ [0, 10] and compare with the exact result. Show that the relative error stays
near machine precision for a well-resolved grid (n = 20001 points), and degrades
only when the grid is too coarse to resolve the period 2π/α. Note: deterministic
quadrature has no signal-to-noise problem.

ii. Use Metropolis–Hastings to draw N = 105 samples xi ∼ p(x) ∝ W (x) and estimate

⟨σ⟩W ≈ 1

N

N∑
i=1

sgn(cos(αxi)), ÎN = Z+⟨σ⟩W . (3)

For α ∈ {0.5, 2, 5, 8} report the MC estimate, its standard error, the exact sign
average I(α)/Z+, and the ratio error/signal. What do you observe for large α?



iii. Show that the per-sample signal-to-noise ratio is

SNR1(α) =
|⟨σ⟩W |√
1− ⟨σ⟩2W

α→∞−−−→ π

2
e−α2/4, (4)

and that fixed relative precision requires N ∼ eα
2/2 samples. Verify numerically

by plotting the measured SNR and the cost N for 10% relative error against α.

See z2 lgt exercise.ipynb for 2a and sign problem exercise.ipynb for 2b.

3. Lefschetz Thimble Regularization (10 pts)

In this exercise we study the zero-dimensional ϕ4 “field theory”, i.e. a single integral over the
real line with a complex action:

Z =

∫
R
dϕ e−S(ϕ), S(ϕ) = 1

2 σ ϕ2 + 1
4 λϕ4, λ ∈ R+, σ ∈ C. (5)

When Imσ ̸= 0 the Boltzmann weight e−S(ϕ) is complex, causing sign oscillations that make
naive Monte Carlo impractical. The Lefschetz thimble approach deforms the integration
contour into C so that ImS is constant on each contour, removing the oscillations. You
are given the companion notebook lefschetz thimble phi4 exercise.ipynb with helper
routines already provided.

a) (1 pts.) Show that the critical points of S(ϕ) (solutions of S′(ϕ) = 0) are

ϕ0 = 0, ϕ± = ±
√

−σ/λ. (6)

For σ = 0.5 + 0.75i and λ = 2, compute the numerical values of ϕ0, ϕ+, ϕ− and verify
that they are in general off the real axis. Implement the function critical points(σ,
λ) in the notebook.

b) (2 pts.) To trace a thimble we integrate the steepest-ascent ODE

dϕ

dt
= S′(ϕ), (7)

starting from a small perturbation of a critical point in the direction tangent to the
thimble. The Hessian of SR ≡ ReS at a critical point ϕσ has eigenvalues ±|S′′(ϕσ)|; if
S′′(ϕσ) = |S′′|eiα, the positive-eigenvalue eigenvector points along angle θ = −α/2.

Implement hessian direction and use it together with the provided trace thimble

routine to draw stable (steepest-ascent) and unstable (steepest-descent) thimbles through
all three critical points for σ = 0.5 + 0.75i, σ = 0.75i, and σ = −0.5 + 0.75i. Display
the three portraits side by side. Describe qualitatively what changes between the three
cases.

c) (2 pts.) A key property of stable thimbles is that ImS is constant along each one. Verify
this numerically: for σ = −0.5 + 0.75i and λ = 2, trace the stable thimbles through
all three critical points and plot ImS(ϕ(t)) as a function of the ascent time t for each
branch. What is the constant value of ImS on each thimble?



d) (1 pts.) The Picard–Lefschetz decomposition states that the original integral can be
written as ∫

R
dϕ ϕn e−S(ϕ) =

∑
σ

mσ

∫
Jσ

dϕ ϕn e−S(ϕ), (8)

where mσ ∈ Z are integer weights and each contour integral is computed numerically
along the traced thimble using∫

Jσ

dϕ ϕne−S(ϕ) =

∫
dt S′(ϕ(t))ϕ(t)n e−S(ϕ(t)). (9)

For σR > 0 only J0 contributes (m0 = +1). For σR < 0 all three thimbles contribute;
determine the correct integer weights mσ numerically by comparing with the reference
integral computed by direct quadrature on R.

e) (4 pts.) Compute ⟨ϕ8⟩ = Z−1
∫

R dϕ ϕ8e−S(ϕ) via the thimble decomposition for σR ∈
[−0.6, 0.6] at fixed σI = 0.75 and λ = 2, (in steps of 0.1 and excluding the point σR = 0),
using the appropriate decomposition on each side of the Stokes line σR = 0. Compare
your result with the exact answer obtained by direct numerical integration on R and
comment on the agreement.

See lefschetz thimble phi4 exercise.ipynb


